INTRODUCTION
============

Frustrated quantum spin systems---where no collinear magnetic order can simultaneously satisfy all interactions in the spin Hamiltonian due to the geometry of the lattice, disorder, or competing interactions---will often feature highly degenerate ground-state manifolds with unusual spin correlations and excitations ([@R1]). Subtle perturbations can lead to very different physics in similar systems by selecting between nearly degenerate possible ground states. Multiferroic materials, with coexisting magnetic and electric order parameters ([@R2]), offer technological promise but are relatively rare in part because ferroelectric order requires a noncentrosymmetric space group that breaks inversion symmetry while magnetic order instead breaks time reversal symmetry.

A class of compounds *M*~3~V~2~O~8~, where *M* is a divalent cation such as Mn, Co, Ni, Cu, or Zn ([@R3]--[@R8]), form the kagome staircase lattice structure with *M*^2+^ ions residing on buckled planes of corner-sharing triangles. Co~3~V~2~O~8~ (CVO) features *S* = 3/2 Co^2+^ ions arranged on this lattice. As the structure consists of edge-sharing CoO~6~ octahedra, the Co─O─Co bond angles are quite close to 90° for the bonds between adjacent Co ions; the resulting weak nearest-neighbor superexchange interactions yield the opportunity for other interactions to play a significant role in selecting the ordered state and driving the spin dynamics. Previous single-crystal ([@R9]) neutron diffraction experiments have revealed a rich variety of magnetic phases. The ground state of CVO is ferromagnetic with all spins aligned along the crystallographic *a* axis. Above *T*~C~ = 6.2 K, CVO enters a phase featuring a transversely polarized antiferromagnetic spin density wave (SDW) state with a propagation vector of $\overset{\rightarrow}{k} = (0,\delta,0)$ that is perpendicular to the buckled kagome planes. The propagation vector evolves with temperature, featuring commensurate lock-in phases at δ = 0.33 and δ = 0.5 interspersed with two distinct incommensurate SDW phases that yield to a paramagnetic phase above *T*~N~ = 11.3 K. Magnetic phase diagrams for CVO with an applied magnetic field ([@R10]--[@R13]) reveal a complex evolution of the magnetic phases and a new commensurate lock-in of the SDW at δ = 0.4. The phonon thermal conductivity in CVO is significantly suppressed at temperatures slightly above *T*~C~ due to scattering of phonons by critical spin fluctuations ([@R14]); the nearly 100-fold increase in thermal conductivity under the application of a magnetic field suggests the possible use of CVO as a heat switch.

Ni~3~V~2~O~8~ (NVO) features *S* = 1 Ni^2+^ ions arranged on a nearly identical kagome staircase structure, with competing interactions that also yield a complex magnetic phase diagram ([@R6]). The low-temperature incommensurate phase in this material is magnetically ordered into an inversion symmetry breaking helical order ([@R15], [@R16]) that appears simultaneously with ferroelectric polarization ([@R17]) and multiferroic domains that can be controlled by an applied electric field ([@R18], [@R19]). While CVO is not ferroelectric, the same vibrational mode that leads to polarization in NVO is highly sensitive to an applied magnetic field ([@R20]), and there is evidence of a field-induced structural distortion ([@R21]). Because the Dzyaloshinskii-Moriya (DM) interaction likely plays a role in stabilizing the helical order of the ferroelectric phase in NVO, a complete understanding of the spin Hamiltonian including DM terms in structurally similar CVO should further the understanding of the multiferroic behavior in NVO.

RESULTS
=======

CVO has an orthorhombic unit cell with *a* = 6.0262(6) Å, *b* = 11.4812(6) Å, and *c* = 8.29760(9) Å and space group *Cmca* (\#64). There are two crystallographically distinct Co sites: Co1 ions occupy the 4*a* Wyckoff positions at (0, 0, 0), while the Co2 ions occupy the 8*e* Wyckoff positions at (0.25, *y*, 0.25), with *y* = 0.1304(6). As shown in [Fig. 1A](#F1){ref-type="fig"} the Co ions form buckled kagome lattice planes of corner-sharing triangles. The Co2 sites form chains running along the *a* axis that are connected by the Co1 sites; because of this, the Co1 ions are often referred to as the cross-ties, while the Co2 chains are called the spines. Each buckled kagome plane features a central plane of Co1 cross-tie sites that connect to Co2 spines that alternate above and below the cross-tie plane along the *b* axis.

![Crystal structure.\
(**A**) Crystal structure of CVO. Co1 cross-tie sites are shown in blue, and Co2 spine sites are shown in green. (**B**) Relevant Heisenberg exchange couplings. (**C**) The arrow at the midpoint of each nearest-neighbor bond shows the direction of the DM component *D*~1,*x*~ using the convention that the cross-product of the spins is defined with the spine site first. This component is positive for bonds connecting a cross-tie site at *z* = *c*/2 and negative for bonds connecting a cross-tie site at *z* = 0.](aay9709-F1){#F1}

We consider a spin Hamiltonian consisting of Heisenberg interactions *J*, DM interactions $\overset{\rightarrow}{D}$, and single-ion anisotropies *A*$$\mathcal{H} = \sum\limits_{\langle i,j\rangle}J_{ij}{\overset{\rightarrow}{S}}_{i} \cdot {\overset{\rightarrow}{S}}_{j} + {\overset{\rightarrow}{D}}_{ij} \cdot ({\overset{\rightarrow}{S}}_{i} \times {\overset{\rightarrow}{S}}_{j}) + \sum\limits_{i,\mu}A_{i,\mu}S_{i,\mu}^{2}$$where, in the summation, *i* and *j* represent individual spins and μ = *x*, *y*, or *z*. The Heisenberg interactions considered are shown in [Fig. 1B](#F1){ref-type="fig"}. The first nearest-neighbor interaction, *J*~1~, acts over a distance of 2.97 Å between a cross-tie and spine site \[this interaction has been previously termed *J*~sc~ for this reason ([@R9], [@R22])\]. The second nearest-neighbor distance is 3.01 Å between adjacent spine sites; previous spin wave measurements were consistent with this interaction being zero ([@R22]). The third nearest-neighbor interaction, *J*~3~, acts over a distance of 4.96 Å between the spine sites of one buckled kagome plane and the cross-tie sites on an adjacent plane. The fourth nearest-neighbor interaction, *J*~4~, acts over a distance of 4.98 Å between spine sites on adjacent buckled kagome planes. Weak antiferromagnetic 6th and 12th nearest-neighbor interactions are also included in our model. The sixth nearest-neighbor interaction, *J*~6~, acts over a distance of 5.13 Å between the nearest cross-tie sites within a single plane. The 12th nearest-neighbor interaction, *J*~12~, acts over a distance of 6.03 Å between two cross-tie spins separated by one lattice vector $\overset{\rightarrow}{a}$.

We also consider a DM interaction on the nearest-neighbor bond. There is no mirror plane containing the midpoint of this bond so all three components of ${\overset{\rightarrow}{D}}_{1}$ are allowed by symmetry. We find that only the component along the *a* axis, *D*~1,*x*~, affects the spin wave dispersion. If we define the order of the cross-product as ${\overset{\rightarrow}{D}}_{1} \cdot ({\overset{\rightarrow}{S}}_{s} \times {\overset{\rightarrow}{S}}_{c})$ with the spine site first and the cross-tie site second, then *D*~1,*x*~ is positive for all nearest-neighbor bonds connecting a cross-tie site at *z* = *c*/2, and *D*~1,*x*~ is negative for all nearest-neighbor bonds connecting a cross-tie site at *z* = 0. This definition is shown in [Fig. 1C](#F1){ref-type="fig"}.

The spin wave spectra of CVO in the ferromagnetic phase were measured using the Disk Chopper Spectrometer (DCS) time-of-flight instrument at the National Institute of Standards and Technology (NIST) Center for Neutron Research in both the (*H K* 0) and (0 *K L*) scattering planes. These sample geometries provide data along all three principal axes in reciprocal space and directions perpendicular to the buckled kagome planes. Fits of the measured spin wave dispersion to a model Hamilton and simulations of the neutron spin wave spectra were performed using the SpinW software ([@R23]). The spin values were fixed to *S* = 3/2, and the ground state was set to all spins aligned along the *a* axis. The magnetization hard axis is along the crystallographic *b* axis ([@R7]), so the anisotropy parameters along the *b* axis were set to zero (*A*~*i*,*y*~ = 0) and anisotropy parameters along the other two directions are expected to be negative. The ferromagnetic ground state at 3.1 K features ordered moments of 1.54 and 2.73 μ~B~ (bohr magneton) on the cross-tie and spine sites, respectively ([@R9]). The reduced moment on the cross-tie sites has been modeled by lowering the magnetic form factor for this site by a factor of 0.75, so that the form factor squared is proportional to the ordered moment. The missing magnetic moment from the Co cross-tie sites is found on the O and V sites when an applied field polarizes the sample ([@R24]). This suggests that the cobalt spin value could be reduced from *S* = 3/2, although an enhanced Curie constant in the high-temperature susceptibility ([@R7]) suggests otherwise. The fits were repeated using reduced Co spin values, which results in larger fit values for the Hamiltonian parameters and a comparable quality fit; these results are presented in the Supplementary Materials.

The best fit to the measured spin wave dispersion resulted in the parameters listed in [Table 1](#T1){ref-type="table"}; unless specified otherwise, the spin wave simulations use these parameters. This set of fitting parameters replicates the energy positions of the measured spin wave excitations in the lower energy branch (roughly between 1.5 and 2.5 meV) quite well throughout the (*H K* 0) and (0 *K L*) scattering planes, as discussed and further demonstrated in the Supplementary Materials. [Figure 2](#F2){ref-type="fig"} shows data and simulations for spin waves along the \[0 *K* 0\] and \[1 *K* 0\] directions, while [Fig. 3](#F3){ref-type="fig"} shows data and simulations for spin waves along the \[*H* 1 0\] and \[*H* 1.35 0\]. Further, this proposed Hamiltonian also replicates the measured spectra of the lower energy branch in previously reported data in the (*H* 0 *L*) scattering plane ([@R22], [@R25]) and along the \[0 *K K*/4 + 2.5\] direction ([@R26]). There is, however, some discrepancy between the measured and simulated dispersion for the higher energy branch (roughly between 4 and 6 meV) particularly along the \[0 0 *L*\] direction. Further interactions might need to be included to fully model the higher energy branch along this direction. The antiferromagnetic SDW state displayed by CVO at slightly higher temperatures likely indicates the presence of at least one antiferromagnetic interaction between spins on adjacent kagome planes; however, these spin wave data indicate that the between-plane antiferromagnetic interactions must be fairly weak.

###### Hamiltonian parameters.

Spin Hamiltonian parameters for the displayed simulations. All parameters are given in units of millielectron volts. *J* values \< 0 are ferromagnetic, while *J* values \> 0 are antiferromagnetic.

  --------- --------------- -------------- --------------
  *J*~1~    −0.21 ± 0.02    *A*~*c*,*x*~   −0.60 ± 0.03
  *J*~3~    −0.14 ± 0.02    *A*~*c*,*z*~   −0.72 ± 0.03
  *J*~4~    −0.12 ± 0.03    *A*~*s*,*x*~   −1.22 ± 0.03
  *J*~6~    0.010 ± 0.006   *A*~*s*,*z*~   −0.37 ± 0.04
  *J*~12~   0.035 ± 0.005   *D*~1,*x*~     0.12 ± 0.03
  --------- --------------- -------------- --------------

![Spin wave data and simulations with the DM interaction.\
(**A**) Simulation of spin waves along \[0 *K* 0\] without any DM term, showing a smooth dispersion. The white dashed lines represent the dispersion of two spin wave modes. (**B**) Measured spin wave data along \[0 *K* 0\] at 2.8 K. The data are integrated over −0.05 ≤ *H* ≤ 0.05. The dispersion is distinctively not smooth, with the spin wave energy at (0, 1, 0) split away from the rest of dispersion by about 0.3 meV. (**C**) Simulation of spin waves along \[0 *K* 0\] with a DM term of *D*~1,*x*~ = 0.12 meV. An avoided crossing between the two modes produces the observed spitting. (**D**) Simulation of spin waves along \[1 *K* 0\] without any DM term, showing a smooth flat band. (**E**) Measured spin wave data along \[1 *K* 0\] at 2.8 K. The data are integrated over 0.95 ≤ *H* ≤ 1.05. The spin wave energy near *K* = 0, 2, and 4 is split lower than the rest of the dispersion by about 0.3 meV. (**F**) Simulation of spin waves along \[1 *K* 0\] with a DM term of *D*~1,*x*~ = 0.12 meV. The simulation including the DM term provides a good fit to the data. arb. units, arbitrary units.](aay9709-F2){#F2}

![Spin wave data and simulations with *J*~12~.\
(**A**) Measured spin wave data along \[*H* 1 0\] at 2.8 K. The data are integrated over 0.95 ≤ *K* ≤ 1.05. (**B**) Simulation of spin waves along \[*H* 1 0\]. The simulation captures the asymmetry of the dispersion, with the energy slightly higher at *H* = 0 than at *H* = 1. (**C**) Measured spin wave data along \[*H* 1.35 0\] at 2.8 K. The data are integrated over 1.3 ≤ *K* ≤ 1.4. (**D**) Simulation of spin waves along \[*H* 1.35 0\]. The simulation captures the observed splitting at (2, 1.35, 0).](aay9709-F3){#F3}

The excitation spectra were also measured at *T* = 9.2 K, where CVO displays an antiferromagnetic SDW magnetic structure with a commensurate propagation vector of $\overset{\rightarrow}{k} = (0,0.5,0)$ ([@R9]). These data are shown in [Fig. 4](#F4){ref-type="fig"}. Well-defined spin waves are not observed; instead, the spectral weight is dominated by broad quasi-elastic scattering near antiferromagnetic Bragg peaks.

![Spin excitation data at *T* = 9.2 K.\
(**A**) Dispersive excitations emanating from the antiferromagnetic Bragg peak at (0,1.5,0). The data are integrated over 1.45 ≤ *K* ≤ 1.55. The dashed lines are guides to the eye, representing a dispersion with a slope of 6.8 me$V \cdot \mathring{A}$. (**B**) The data are integrated over 1.45 ≤ *K* ≤ 1.55 and 0.4 meV ≤ ℏω ≤ 0.8 meV. (**C**) The spin excitation spectrum along \[0 *K* 0\]. The data are integrated over −0.1 ≤ *H* ≤ 0.1. (**D**) Energy spectrum at$\overset{\rightarrow}{Q} = (0,0.5,0)$. The data are integrated over −0.1 ≤ *H* ≤ 0.1 and 0.4 ≤ *K* ≤ 0.6. The red line is a fit to a Lorentzian function with a half width at half maximum (HWHM) of 0.37 meV. The blue line is an estimate of the elastic scattering from the Bragg peak convolved with the energy resolution. (**E**) Spin excitations along \[*H* 0.5 0\]. The data are integrated over 0.4 ≤ *K* ≤ 0.6 and 0.3 meV ≤ ℏω ≤ 0.8 meV.](aay9709-F4){#F4}

DISCUSSION
==========

Previous work on CVO has described the material as quasi--two-dimensional (2D) ([@R27], [@R25]), where the dominant magnetic interactions were entirely within the buckled kagome planes. The spin wave dispersion along the \[*H* 0 0\] and \[0 0 *L*\] directions has been measured ([@R22]), and two spin wave branches were observed, with the higher energy branch significantly weaker in intensity and broader in energy. These data were well fit to a model with only ferromagnetic nearest-neighbor interactions ( *J*~1~) and single ion anisotropy terms for both the cross-tie and spine sites. However, with the additional data we have collected, we find that a description of the spin wave spectra throughout momentum space requires a fully 3D spin Hamiltonian. A quasi-2D spin Hamiltonian with only first nearest-neighbor interactions would feature dispersionless spin waves along the \[0 *K* 0\] direction. The measured spin wave spectrum along the \[0 *K* 0\] direction, as shown in [Fig. 2B](#F2){ref-type="fig"}, is quite dispersive with a bandwidth (about 1 meV) comparable to that observed in scans along the \[*H* 0 0\] or \[0 0 *L*\] directions. This demonstrates that there are interactions between kagome planes comparable in strength to the in-plane *J*~1~.

The best fit to the spin wave dispersion data suggested ferromagnetic first, third, and fourth nearest-neighbor interactions with *J*~1~ = − 0.21 ± 0.02 meV, *J*~3~ = − 0.14 ± 0.02 meV, and *J*~4~ = − 0.12 ± 0.03 meV. While other interactions are considered to fully describe the spin wave dispersion, these three interactions are sufficient to generally describe the spin wave bandwidth for most of the measured data. The second nearest-neighbor interaction, between adjacent spine sites, was also considered but is not included in these simulations. When included in the fit, the *J*~2~ interaction refined to a very small magnitude and did not substantially affect any simulated results. A Hamiltonian dominated by ferromagnetic interactions is unusual, given that CVO displays an antiferromagnetic SDW state at temperatures between 6.2 and 11.3 K. The magnetic structure of this SDW state at temperatures yielding a δ = 0.5 lock-in has been deduced from powder neutron diffraction ([@R9]). While that structure is antiferromagnetic, it does not contain any pair of antiferromagnetically aligned spins connected by one of these three interactions; all spins connected by *J*~4~ are ferromagnetically aligned, while all spins connected by *J*~1~ or *J*~3~ are either ferromagnetically aligned or feature a cross-tie spin with no ordered moment. This suggests that antiferromagnetic interactions between kagome planes that are too weak to be determined from spin wave data select the antiferromagnetic SDW structures. The Curie-Weiss temperature for CVO with only these three ferromagnetic interactions would be given by $\theta_{\text{CW}} = - \frac{S(S + 1)}{3~k_{B}}\left( \frac{8}{3}J_{1} + \frac{8}{3}J_{3} + \frac{4}{3}J_{4} \right) \approx 16$ K. This value is considerably larger than the transition temperature; including at least one additional antiferromagnetic interaction between kagome planes would lower the magnitude of the predicted Curie-Weiss temperature, although this difference could also indicate the effects of frustration.

The fit values for the anisotropy parameters were *A*~*c*,*x*~ = −0.60 ± 0.03 meV and *A*~*c*,*z*~ = −0.72 ± 0.03 meV for the cross-tie sites and *A*~*s*,*x*~ = −1.22 ± 0.03 meV and *A*~*s*,*z*~ = −0.37 ± 0.04 meV for the spine sites. These fit parameters are all negative, so the *b* axis is the hard axis for both sites. When averaged over the two sites, the *a* axis is the easy axis in agreement with magnetization measurements ([@R7]), although the *c* axis is slightly easier than the *a* axis for the cross-tie sites. The cross-tie sites have been proposed to order along the *c* axis when a 15-T magnetic field is applied along the *b* axis, effectively decoupling the spine and cross-tie sites; it is the spine sites that have the strongest easy-axis anisotropy along the *a* axis although the spine sites will polarize along the *b* axis in this scenario but not the cross-ties ([@R25]).

Single-ion anisotropy and several symmetric Heisenberg exchange terms are sufficient to generally describe the bandwidth of the measured spin waves. However, the measured spin wave energies at many positions in momentum space are split away from the rest of the smoothly dispersing branch by about 0.3 meV. This is shown in [Fig. 2B](#F2){ref-type="fig"} for the \[0 *K* 0\] direction and [Fig. 2E](#F2){ref-type="fig"} for the \[1 *K* 0\] direction. This splitting can be explained by the introduction of a DM interaction along the nearest-neighbor bond with a component along the *a* axis of *D*~1,*x*~ = 0.12 ± 0.03 meV. [Figure 2 (A and D)](#F2){ref-type="fig"} shows simulations with no DM interaction but with all other parameters the same as in [Table 1](#T1){ref-type="table"}. These simulations show no splitting at the relevant positions. The simulations with the DM term included, shown in [Fig. 2 (C and F)](#F2){ref-type="fig"}, provide a much better fit to the data. The white dashed lines in the simulations in [Fig. 2](#F2){ref-type="fig"} represent the dispersion of two particular spin wave modes. The simulations with no DM term each feature a smooth sinusoidally dispersing mode and a flat mode; the dispersing mode has a large intensity along \[0 *K* 0\], while along \[1 *K* 0\], it is the flat mode that features a large intensity. The inclusion of a DM interaction causes an avoided crossing between the two modes, yielding the observed splitting as the spin wave intensity shifts between the two modes near the avoided crossing.

All three components of the DM vector are allowed by symmetry, but inclusion of the other two components did not affect the simulated spin wave spectra. A DM interaction on a bond arising from superexchange is expected to lie perpendicular to the plane containing the two spins and the mediating anion ([@R28]). In CVO, this would suggest that there is little component along the *c* axis (*D*~1,*z*~ ≈ 0) but that the component along the *b* axis should be comparable in magnitude to the component along the *a* axis, meaning that the magnitude of the DM vector could be as large as *D*~1~ ≈ 0.17 meV or *D*~1~ ≈ 0.8 *J*~1~.

The DM interaction on the kagome lattice has been a topic of interest for years ([@R29]), although it is typically assumed that *D* ≪ *J*. The large DM term found in CVO, with *D*~1,*x*~ ≈ 0.6 *J*~1~, is notable in comparison. Recently, however, materials with very large DM terms have exhibited unique physics. For example, topological excitations including skyrmions have been predicted for kagome lattice ferromagnets with *D* ≈ 0.4*J* ([@R30]), and the *S* = 1/2 helical-honeycomb antiferromagnet α-Cu~2~V~2~O~7~ with *D* ≈ *J* displays nonreciprocal spin waves ([@R31]). The pyrochlore ferromagnet Lu~2~V~2~O~7~ with *D* ≈ *J*/3 exhibits the magnon Hall effect ([@R32]), although it has been argued that, in this material, the apparently large DM interaction is actually caused by other terms in the Hamiltonian ([@R33]).

The DM interaction as a possible microscopic mechanism supporting the existence of multiferroicity has long been appreciated ([@R34]--[@R36]) because this interaction can lead to helical magnetic order that breaks inversion symmetry. A DM interaction term likely plays a role in stabilizing the magnetic order in the ferroelectric phase of NVO; DM terms on the bonds connecting two spine sites and also the bond connecting a spine with a cross-tie have been considered ([@R15]), and it has been suggested that the DM interaction between two spine sites must have a component along the *a* axis, which would require a magnetoelastic distortion in this phase to break mirror plane symmetry ([@R18]). The spin wave results on CVO show that the DM interaction can be quite significant on the superexchange bonds of this structure. The ferroelectric phase of NVO remains stable over an expanded temperature range under moderate doping of Co for Ni ([@R37], [@R38]); an increased DM interaction on bonds connected to a Co ion doped into the system could be one reason for the relative stability of the helical magnetic structure under doping.

The simulated spin wave spectra presented here include a very weak antiferromagnetic sixth nearest-neighbor interaction, *J*~6~ = 0.010 ± 0.006 meV, between cross-tie sites in the same plane. The energy level of the flat spin wave modes in simulations without any DM term, such as in [Fig. 2 (A and D)](#F2){ref-type="fig"}, is very sensitive to this term in the Hamiltonian. A value of *J*~6~ = 0.01 meV was chosen to lower this flat mode by a small amount so as to best match the observed data once the DM term was included. A previous work ([@R25]) had also suggested an antiferromagnetic *J*~6~ because of an antiferromagnetic ordering pattern observed on the cross-tie sites with a 15-T magnetic field applied along the *b* axis. Given the symmetry relations of the DM interaction on the nearest-neighbor bond, shown in [Fig. 1C](#F1){ref-type="fig"}, a nonzero *D*~1,*x*~ would also energetically favor this magnetic structure where spine sites are ferromagnetically ordered along the *b* axis and cross-ties are antiferromagnetically ordered along the *c* axis.

The Hamiltonian described so far provides a good description of the lower energy spin wave mode throughout almost all of the measured positions in momentum space; however, this description notably fails to model the spin wave dispersion along the \[*H* 1 0\] direction. The observed spin wave dispersion along this direction, as shown in [Fig. 3A](#F3){ref-type="fig"}, is dispersive with a bandwidth of about 0.5 meV. While close to sinusoidal, this dispersion is slightly asymmetric with the spin wave located at 2.663 ± 0.004 meV at the (0, 1, 0) position and only 2.544 ± 0.007 meV at the (1, 1, 0) position. A simulation with only the Hamiltonian terms described so far would be almost flat along this direction. Allowing for a weak antiferromagnetic 12th nearest-neighbor interaction captures this dispersion, including the slight asymmetry, almost perfectly as shown in [Fig. 3B](#F3){ref-type="fig"}. It is unusual that interactions out to the 12th nearest neighbor would be relevant; however, the dispersion along this direction is quite sensitive to this interaction, and the fit value of *J*~12~ = 0.035 ± 0.005 meV is quite small.

In addition to Heisenberg exchange interactions presented in [Table 1](#T1){ref-type="table"}, the remaining interactions up through 11th nearest neighbor were considered, as was *J*~lu~ ([@R9]), covering the 9.66-Å distance between a lower spine site of one kagome plane and an upper spine site on the higher kagome plane. Including these terms did not appreciably improve the fit and led to fairly small refined values (less than 0.05 meV in magnitude). It should be noted that the fit values for *J*~6~ and *J*~12~ are smaller than 0.05 meV, but the spin wave spectra are sufficiently sensitive to those parameters that their inclusion does improve the fit while including other farther-distance terms does not.

Once this value of *J*~12~ is included, the spin wave spectra are well modeled even at positions where the DM interaction causes a significant splitting. [Figure 3C](#F3){ref-type="fig"} shows the measured spin wave spectrum along the \[*H* 1.35 0\] direction; this direction was chosen to maximize the effect of both *J*~12~ and *D*~1,*x*~ on the simulated spectrum. The spin wave spectrum is well described by the simulation shown in [Fig. 3D](#F3){ref-type="fig"}, including the observation of two distinct spin wave modes, at energies of 2.1 and 2.5 meV, at the (0, 1.35, 0) or (2, 1.35, 0) position.

The spin excitation spectrum of CVO at *T* = 9.2 K, in the antiferromagnetic SDW phase, is shown in [Fig. 4](#F4){ref-type="fig"}. Well-defined spin wave excitations were not observed at this temperature; this is not particularly unusual as neutron diffraction measurements ([@R39]) found that antiferromagnetic Bragg peaks were broader than the instrumental resolution at many temperatures in the SDW regime of CVO and spin waves in the incommensurate phases of NVO ([@R40]) are very diffuse. The only dispersive-like feature observed at *T* = 9.2 K is shown in [Fig. 4A](#F4){ref-type="fig"} with spin waves weakly emanating from the (0, 1.5, 0) antiferromagnetic Bragg position. [Figure 4B](#F4){ref-type="fig"} shows a cut along the \[*H* 1.5 0\] direction centered at an energy transfer of 0.6 meV, and peaks are observed at ∣*H*∣ = 0.085 ± 0.004 reciprocal lattice units (r.l.u.), indicating an effective spin wave velocity of about 6.8 meV·Å.

The spin excitation spectrum at *T* = 9.2 K is shown in [Fig. 4C](#F4){ref-type="fig"} along the \[0 *K* 0\] direction. A columnar-like excitation can be seen emanating from the positions at *K* = 0.5, 1.5, 2, and 2.5 up to energies around 0.75 meV. The excitation emanating from the (0, 2, 0) position is due to acoustic phonons. This is clear from the fact that this position has no antiferromagnetic Bragg peak and that the excitation is also present at 2.8 K. The excitations emanating from the *K* = 0.5, 1.5, and 2.5 positions are present only in the SDW phase. If these represent dispersive excitations, then the spin wave velocity is too high or the damping is too large to resolve well-defined modes. The scattering near (0, 0.5, 0) is the strongest and by far the broadest in momentum space, indicating significant diffusive scattering at this position.

The energy dependence of the diffuse scattering at (0, 0.5, 0) is shown in [Fig. 4D](#F4){ref-type="fig"}. This quasi-elastic scattering can be fit to a Lorentzian function with a half width at half maximum (HWHM) of 0.37 meV. [Figure 4E](#F4){ref-type="fig"} shows inelastic scattering over an energy range meant to capture most of this spectral weight (0.3 meV ≤ ℏω ≤ 0.8 meV) along \[*H* 0.5 0\]. The first few data points, with 0.05 ≤ *H* ≤ 0.10, are particularly high; this likely represents dispersive scattering comparable to that shown in [Fig. 4A](#F4){ref-type="fig"} but at this position, it is largely obscured by the much stronger diffuse scattering. The diffuse scattering near (0, 0.5, 0) is very broad, with an HWHM of 0.5 Å^−1^ along the \[*H* 0.5 0\] direction.

In summary, the spin wave spectrum of CVO in its ferromagnetic ground state has been measured throughout the (*H K* 0) and (0 *K L*) scattering planes. The best fit to the data indicates an inherently 3D spin Hamiltonian of ferromagnetic first, third, and fourth nearest-neighbor interactions where the longer distance interactions are about half as strong as the dominant nearest-neighbor exchange between a spine site and a cross-tie site. This stands in contrast to previous analysis of CVO, which had treated the material as quasi-2D. Weak antiferromagnetic couplings *J*~6~ and *J*~12~ improve the fit, although additional antiferromagnetic interactions might also be present given the antiferromagnetic SDW structure that CVO displays at intermediate temperatures. Most notably, a complete description of the measured spin wave spectra requires a DM interaction along the nearest-neighbor bond with *D* ≥ *J*/2. While the single-ion anisotropy and Heisenberg exchange terms are sufficient to produce a collinear ferromagnetic ground state, the presence of such a significant DM term suggests that CVO might be close to a more exotic ordered state. At *T* = 9.2 K, CVO displays an antiferromagnetic SDW state with a propagation vector of $\overset{\rightarrow}{k} = (0,0.5,0)$. Despite the ordered state, well-defined spin waves are not observed. Instead, the spectrum consists mainly of the diffuse quasi-elastic scattering centered at $\overset{\rightarrow}{Q} = (0,0.5,0)$ and weak modes dispersing along the \[*H* 1.5 0\] direction.

MATERIALS AND METHODS
=====================

Large single-crystal samples of CVO were grown by the floating zone technique using an optical image furnace. Neutron spectroscopy measurements were performed using the DCS time-of-flight instrument at the NIST Center for Neutron Research in low-resolution mode. A 4.2-g single-crystal sample was mounted in the (*H K* 0) scattering plane and cooled to *T* = 2.8 K using a closed-cycle refrigerator. The sample was rotated through 180° in 1° increments with 8 min of counting time per angle. This was performed with incident neutron wavelengths of both 2.5 and 3.7 Å. In an additional experiment using the DCS, a 3.6-g single-crystal sample was mounted in the (0 *K L*) scattering plane and cooled to *T* = 1.6 K while placed inside a 10-T vertical field superconducting magnet. In zero field, the sample was rotated through two 60° wedges (with $\overset{\rightarrow}{Q}$ roughly parallel to the *b* axis and *c* axis) in 1° increments. Measurements with an incident wavelength of 2.5 Å had 8 min of counting time per angle, while measurements with an incident wavelength of 3.7 Å had 6 min of counting time per angle. For the experiment in the (*H K* 0) scattering plane, the sample was heated to *T* = 9.2 K, where CVO displays an antiferromagnetic SDW phase with a propagation vector of $\overset{\rightarrow}{k} = (0,0.5,0)$, and the above measurements were repeated.

The DCS instrument produces a 3D array of intensity data as a function of energy transfer and the two directions of reciprocal space within the scattering plane. This dataset can then be partitioned to produce the dispersion relation throughout reciprocal space. The dispersion relation of spin waves throughout a lower energy branch (roughly between 1.5 and 2.5 meV) was determined by fitting energy cuts to the data measured with an incident wavelength of 3.7 Å. The dispersion relation of spin waves in a higher energy branch (roughly between 4 and 6 meV) was determined by fitting energy cuts to the data measured with an incident wavelength of 2.5 Å. The energy resolution (HWHM) of DCS at the elastic line in low-resolution mode is 0.14 meV for an incident wavelength of 3.7 Å and 0.46 meV for an incident wavelength of 2.5 Å. The dispersion relations obtained from these cuts were fit to the model Hamiltonian using SpinW. The data were folded across *H* = 0 and *K* = 0 to maximize intensity in a single quadrant of reciprocal space for all figures except for [Fig. 4 (A and B)](#F4){ref-type="fig"}, which were not folded across *H* = 0 to demonstrate symmetrically dispersing excitations. Error bars and uncertainties on fit parameters throughout this paper are statistical in nature and represent 1 SD.
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